Primordial black holes are considered to be pair created quantum-mechanically during inflation. In the context of General Relativity (GR), it has been shown that the pair creation rate is exponentially decreasing during inflation. Specifically, tiny black holes are favored in the early universe, but they can grow with the horizon scale, as inflation approaches its end. At the same time, cosmological, and not only, shortcomings of GR have triggered the pursuit for a new, alternative theory of gravity. In this paper, by using probability amplitudes from the No Boundary Proposal (NBP), we argue that any alternative gravity should have a black hole creation rate similar to that of GR; that is, in the early universe the creation of small black holes is in favor, while in the late universe larger black holes are being exponentially suppressed. As an example, we apply this argument in f (R)-theories of gravity and derive a general formula for the rate in any f (R)-theory with constant curvature. Finally, we consider well known f (R)-models and using this formula we put constraints on their free parameters.
In particular, one has to consider two different spacetimes; one for the inflationary background (e.g. de Sitter) and another one with black holes in this background (e.g. Schwarzschild-de Sitter (SdS)). For each one of these two spacetimes, we have to construct an instanton 1 and its analytical continuation to the Lorentzian solution, if possible. The Hartle-Hawking No Boundary Proposal [16] suggests that in the semi-classical approximation 2 , each universe can be described by a wave function Ψ and the probability amplitude for the creation of this universe is given by P = |Ψ| 2 = e
−2I
Re , where "Re" denotes the real part of the instanton-action I . In this way, the pair creation rate, Γ, is calculated as the ratio of the two probabilities; the probability of the universe containing a pair of black holes, described by the instanton-action I obj , and the probability of the background universe, described by I bg , Γ = P obj P bg = exp [−2 (I obj − I bg )] .
In the framework of GR, Bousso and Hawking [9, 22] found that the pair creation rate of two neutral (SdS) black holes in an inflationary (de Sitter) background is Γ = e −π/Λ . Even though Λ is varying, its decrease is considered to be very slow in time and, thus, in the calculations it was considered as constant. The interpretation of this result is that in the early universe, where Λ is considered to be of order unity in Planck units, the creation of tiny black holes, r bh = 1/ √ Λ , is favored. As inflation reaches its end, the size of the black holes that would be created, increases significantly, while the probability rate becomes vastly suppressed. This can be seen in the Fig. 1 . 
FIG. 1:
The diagram is taken from [23] and quoting the authors: (It depicts) "The classical evolution of the effective cosmological constant in a typical model of chaotic inflation. We have indicated qualitatively how the nucleation size and pair creation rate of black holes depend on the effective cosmological constant."
The last two decades though, much attention has been given to modified theories of gravity. The inability of Einstein's General Relativity (GR) to give convincing explanations to recent cosmological observations (value of the cosmological constant, nature of the dark matter, coincidence problem, missing satellites, etc.), together with the fact that it cannot lead to a convincing quantum theory for the gravitational interactions, initiated the pursuit of a new theory of gravity. The interesting reader is advised to check the exhausting reviews [17, 18] as well as references therein.
In this work, we propose a way to discriminate between these attempts: the pair creation rate. Any viable alternative theory of gravity should predict a decreasing pair creation rate, in order to be consistent with observations. In this article, we deal with the so-called f (R)-theories, as an example to our proposal. One of the most straightforward ways to extend GR is to relax the assumption that the gravitational action must be linear in the Ricci scalar, i.e. the Einstein-Hilbert action. Indeed, if we substitute the Ricci scalar, R, by an arbitrary function f (R), we obtain a more general class of theories, which lead to richer phenomenology [19] [20] [21] compared to GR. It is not the purpose of the paper to get into the details of the theory; in the references given, there is big amount of information regarding not only this specific class of modifications, but also other attempts to modify GR. Nevertheless, the choice of f (R) gravity is not arbitrary. Its simplicity, compared to other higher-order theories, as well as its ability to give interesting results the last few years, made it an interesting alternative to GR. However, it is still nothing but a toy-theory; a tool to understand the limits and the underlying principles of modified gravity.
We follow the same procedure, in order to calculate the pair creation rate of SdS black holes in a de Sitter background in the context of f (R)−gravity theories with constant curvature. As we shall see, and as expected, the rate depends on the functional form of f (R). The free parameters of each theory are embodied in the pair creation rate. The purpose of this paper is to conservatively set constraints on the free parameters of f (R)−models, by imposing that the production rate gives physically acceptable results, in agreement with GR. However, the fact that we consider R = constant makes our results not generic. Specifically, this assumption kills all the higher derivative terms in the equations of motion and thus the results obtained (here, black hole solutions) are exactly the same as in GR. The example though is good enough in order to apply our criterion at a toy-model. We do not claim that our results are generic, neither that the R = constant assumption is realistic during the inflationary period. However, at first approximation, it gives some interesting results and it is exactly the same as assuming that in GR Λ eff = constant [7, 9, 22] ; at least at the solutions level.
This article is organized as follows: in the section II we introduce the basics of the class of f (R)−theories; action, equations of motion and already known constraints. In addition, we review some already known black holes solutions in those theories with constant curvature. As we will see, the form of both SdS and de Sitter solutions remain the same as in GR, with the only difference being that the gravitational coupling and the cosmological constant acquire a contribution from the new degree of freedom of the theory. In the next section, III, we briefly describe the instanton method, i.e. how to find instantons in generic spacetimes. We also give two examples, regarding the instanton of de Sitter and SdS spacetime. Finally, in section IV we apply the same method in f (R)−gravity and obtain the pair creation rate of two neutral black holes in an expanding background. We specifically use the physical significance of the computed rates to set constraints on the free parameters of well-known cosmological f (R)−models. In section V we conclude and discuss future perspectives.
II. BLACK HOLES IN f (R) GRAVITY
As already mentioned in the introduction, if we substitute in the Einstein-Hilbert (EH) action the Ricci scalar, R, with an arbitrary function f of it, we obtain the action of the f (R)−theories,
where G N is Newton's constant (c = 1, = 1, k B = 1) , g is the determinant of the metric and L m is the Lagrangian density of all the matter fields. By varying this action with respect to the dynamical field, i.e. the metric, one gets
where the prime denotes differentiation with respect to the argument, i.e. f ′ (R) = df (R)/dR. The tensor T M µν is the energy-momentum tensor of all the matter fields and is defined as T
. One more interesting equation is the trace of the equations (3), which reads
and is the dynamical equation of the Ricci scalar; the new degree of freedom of the theory. If we rewrite the equations in an Einstein-like form, i.e.
we immediately see that, we have a purely geometrical contribution to the effective energy momentum tensor, coming from the new scalar degree of freedom; thus, we will have much richer phenomenology compared to GR. In this paper, we will only consider theories with constant curvature, i.e. R = R dS , where 'dS' stands for de Sitter. Specifically, R dS is a solution of the trace Eq. (4), which for constant curvature becomes
These solutions are called de Sitter points [25] . The equations of motion (3) in vacuum, i.e. T M µν = 0 , become
which means that as soon as R dS = 0, these theories accept solutions of the (Anti-)de Sitter type, or Schwarzschild-(Anti-)de Sitter type, or Kerr-(Anti-)de Sitter type, depending on the sign of R dS and, thus, they introduce an effective cosmological constant
where we used Eq. (6). This kind of theories has been studied extensively in the literature in many different contexts. Some reviews on the topic are [17-19, 25, 26] . During the years, and in order to constitute viable alternative to cosmological models, there have been found some constraints on the functional form of f (R). Two of them, that we may find useful later, are the following:
• It has to be f ′ (R) > 0, otherwise the theory will contain ghosts.
• As we have already mentioned, the f (R)−theories contain an extra scalar degree of freedom, compared to GR; the Ricci scalar or scalaron. It turns out that this scalar field is massive and its mass is given by
In order to avoid tachyonic instabilities, i.e. M 2 < 0, we have to assume that f ′′ (R) > 0.
The interested reader should check the literature for more constraints. Let us now proceed by quantitatively finding some black hole solutions [27] . Consider a static and spherically symmetric metric of the form
where A(r), B(r) are two arbitrary metric potentials to be specified and dΩ 2 = dθ 2 + sin 2 θdφ 2 is the metric of a 2-sphere. The 00-and 11-components of (3) are
and by taking a linear combination of these, we find that
with c 1 being a constant of integration. For simplicity we can choose c 1 = 1, in order for the metric coefficients to be g rr = 1/g tt and thus recover Minkowski in the flat limit. By substituting this back in one of the Eq. (11) or Eq. (12) we get
where c 2 , c 3 are constants and we used Eq. (8) . Without loss of generality, we can fix these constants to c 2 = 1 and c 3 = 2G eff M , where G eff is the effective gravitational coupling. Summarizing, we showed that f (R)−gravities with constant curvature have Schwarzschild-de Sitter solutions of the form
with G eff > 0 being the effective gravitational coupling and Λ eff > 0 the effective cosmological constant, as well as de Sitter solutions in the case where M → 0 . What we will do now is to use these black hole solutions, in order to calculate the pair creation rate in the context of f (R)−theories.
Before we proceed, let us make a comment on the significance of the above solutions. Someone may claim that, since in generic f (R)−theories the Birkhoff's theorem does not hold, then these results are not correct. However, this is not exactly true; for the theories with constant curvature, which accept SdS-like solutions, the Birkhoff's theorem holds [28, 29] and as we already mentioned, we are dealing only with these theories. Of course, it would be more general to consider cosmological spacetimes, which are solutions for all kind of alternative theories, but as a first encounter with the problem, we think this is a decent result. Once again, we do not claim that our results hold for any f (R)−theory, but only for those with constant curvature, who accept static solutions.
III. THE INSTANTON METHOD
Let us briefly resume the procedure of constructing instantons and thus calculating creation rates. Gravity appears many difficulties in the process of pure quantization through an effective field theory, due to the dimensionality of G N in 4D, which makes the theory non-renormalisable [30] . However, the semi-classical approximation of quantum gravity, known also as Euclidean quantum gravity [31] , is considered to be the best semi-classical limit of the future theory of quantum gravity. According to this approach, any universe can be seen as a quantum system with a wave function Ψ, which is given by a path integral over all possible, positive-definite Euclidean metric configurations [16] 
where S E is the Euclidean version of the gravitational action and I is the instanton-action. In most cases the above integral cannot be easily evaluated and, thus, we search for saddle points known as gravitational instantons, that extremize the action S E . An instanton can be seen as a classical path, interpolating between two states and, thus, providing us with the dominant contribution in the wave function. Therefore, we can approximate the path integral with the exponent of the instanton-action.
In what follows, we give the necessary steps to construct a gravitational instanton for a spherical metric of the form (10), with B(r) = A(r) : 1. Firstly, we Wick rotate the time axis, τ → it , in order to analytically continue from Lorentzian to Euclidean section. In this way, we obtain a Euclidean signature (+ + ++) . The Euclidean version of the modified action (2) will be
2. Secondly, we find all the possible conical singularities by taking the metric potential to be zero, A(r h ) = 0 . These singularities signal the existence of apparent horizons and can be eliminated by demanding τ to be periodic with a period β, which is given by the inverse of the Hawking temperature, i.e. β = 3. Subsequently, we restrict ourselves at regions where the metric is positive-definite by taking the condition A(r) > 0 . At these regions the signature of the metric is fixed and so we can produce physical results. 4. Finally, we analytically continue backwards by matching the instanton (≡Euclidean solution) to the Lorentzian solution at t = const. hypersurface.
In the forthcoming section, we will deal only with compact spacetimes that have S 3 (de Sitter like) and S 1 × S 2 (Schwarzschild-de Sitter like) spatial topology. The Euclidean solution for such spacetimes has been described in [22] . Here we will give a quick overview of the characteristics of a de Sitter and a Schwarzschild-de Sitter universe, along with the appropriate coordinate transformations that will help us see the regularity of their instantons. Starting with de Sitter spacetime, the form of A(r) in Eq. (10) is
with cosmological horizons spotted at r h = 3/Λ . To eliminate the singularity we make time τ periodical with period β = 2π 3/Λ . We can apply a coordinate transformation by using the periodic variables
with periods 2π and π/2 respectively, that will allow us to see better the regularity of this instanton. Now Eq. (18) reads A(r) = sin 2 ξ and de Sitter instanton becomes
where dΩ 2 = dθ 2 + sin 2 θdφ 2 . The apparent singularity at ξ = 0 (r = 3/Λ) can be seen as an axis of spherical polar coordinates (ξ, ψ) and the manifold is perfectly regular there.
Last but not least, we have to match the Euclidean solution, i.e the instanton, with the Lorentzian one. The spatial part of the Euclidean de Sitter section is a round 3-sphere, S 3 . In Euclidean time, they start at zero radius, expand and then contract again, i.e. they form a 4-sphere, S 4 , with radius r = 3/Λ . The spatial part of the Lorentzian de Sitter universe is again S 3 , but it expands exponentially in Lorentzian time, forming a 4-hyperboloid. In order to analytically continue the Euclidean to a Lorentzian solution, we join half of the Euclidean S 4 with half of the Lorentzian 4-hyperboloid. Only then the matching is smooth from the one sector to the other and the continuity is guaranteed. Therefore, half of the instanton contributes to the solution.
Let us now go through the same procedure but with Schwarzschild-de Sitter spacetime, where the form of A(r) is
This spacetime represents a pair of black holes in antipodal points, embedded in a de Sitter space. Thus it is endowed with two horizons; the first one is the event horizon of the black hole r h , while the other one is the cosmological r c with r h < r c . The topology of SdS spacetime is thus S 1 × S 2 , where the radius of S 2 varies along S 1 . The minimum radius is r h and the maximum r c . What we need to do, is to construct a regular instanton, able to be analytically continued to the Lorentzian slice. However, the two horizons have obviously different surface gravities and, thus, different Hawking temperatures. Hence, we cannot eliminate both of them at once. This is only plausible in the limiting case, where the two horizons coincide (Nariai spacetime) at ̺ = r h = r c = 3G N M = 1/ √ Λ . In order to see the regularity of the instanton, we transform via the periodic variables
In the limit ε → 0 the two horizons coincide and the form of the metric potential is A(r) ≈ Λε 2 sin 2 ξ . Finally, the Nariai instanton becomes
The topology of Nariai spacetime is the product of two round 2-spheres with the same radius, ̺ = 1/ √ Λ . As before, the matching can be visualized as joining half of one of the 2-spheres with half of the Lorentzian 2-hyperboloid.
The pair creation rate Γ , is now defined from Eq. (1). As we have already mentioned in the introduction I, in GR, where the action is the Einstein-Hilbert with a cosmological constant, de Sitter instanton is found to be I dS = −3π/Λ , while the SdS one is I SdS = −2π/Λ . By taking the half of each and putting them in Eq. (1) we obtain Γ = e −π/Λ , which is determined as the pair creation rate of two SdS black holes in a de Sitter universe. The interpretation of this result is discussed in the introduction.
IV. PAIR CREATION RATE IN f (R) MODELS
In this section, we will apply the procedure elaborated in the previous section on the f (R)−models that have solutions of the form (15) . The mathematical form of both de Sitter and Schwarzschild-de Sitter spacetime is the same in GR and in f (R) theories. The only difference is that in f (R), the gravitational coupling and the cosmological constant are not the ones appearing in GR, but some other, effective ones with the influence of the new scalar degree of freedom.
We summarize the results of this section IV in the Table I. In the third column, we show the computed black hole pair creation rate for every model. As we have already discussed, our aim was to set stringent constraints on the theories, in the framework of the NBP. In the last column of Table I we show the obtained constraints for every f (R)−model used in this study. Further notice that R dS ∝ Λ eff from Eq. (8), and so R dS can be regarded as the effective cosmological constant inside the pair creation rate.
The overall results of our calculations are presented in this table. The first and second column define the f (R)−model used, the third column is the pair creation rate of black holes inside the respected model and in the fourth column the constraints deduced from our analysis.
The calculation of every instanton action goes like this. The action (17) gives
since f (R dS ) is constant. The integral of Eq. (24) for de Sitter (20) and SdS (23) instanton respectively give
By taking half of each and plugging them into Eq. (1) we obtain
where we used Eq. (8) . This is the main result of the paper and it shows the pair creation rate of two SdS black holes in a de Sitter universe for any f (R)−theory of gravity with constant curvature, R = R dS . As mentioned in the previous section, in order to avoid ghosts in f (R)−theories, one has to assume that f ′ (R) > 0 . Hence, in the rate (27) we see that 2πf
′ (R dS )/G N > 0 . If we want to reproduce the same results as in GR, i.e. the rate to be realistic and thus the fraction in the exponent to be negative, meaning that the creation of large black holes in the current universe is suppressed, we have to consider that f ′ (R dS )/f (R dS ) > 0 . That means Λ eff > 0 or R dS > 0 from Eq. (8) . This is another criterion that we did not mention in the previous section. It is used in order for f (R)−models to be cosmologically viable at late times. Therefore, even though the solution of the form (15) can have either of SdS type or of SAdS, we see that only in SdS universes the pair creation rate is physically reasonable because we get Γ < 1 . In other words, if Γ > 1 then de Sitter spacetime is catastrophically unstable to the black hole formation. Moreover, if we consider a priori that Λ eff > 0 and also f ′ (R) > 0 , then the rate has the same behaviour for any f (R)−model; tiny black holes are unsuppressed in an inflationary universe, while large black holes are suppressed at late times.
In the rest of the section, we will apply Eq. (27) to specific f (R)−models that have been studied extensively in the literature and we will try to constrain their free parameters.
A. The power law f (R)
Let us consider the power law case, where f (R) = R+αR n and α being a constant with the appropriate dimensions, depending on n. After substituting the model in the trace equation (6) and solving for α we can see that there can exist black holes of the type (15) , only for α = R 1−n dS /(n − 2) . For n = 2 this model does not give black hole solutions, since α blows up 3 .
The rate (27) becomes
which has the correct sign only for n < 1 or n > 2 . However, for stability reasons [25] , we have to take into account only α > 0 and n > 0 solutions and, thus, the only acceptable models are those with n > 2 .
B. The exponential model
In this section we study the so-called exponential model,
which in the last few years has received a lot of attention in the literature [32] [33] [34] [35] [36] [37] . The constants α and m are two coupling constants with the former being dimensionfull and the latter dimensionless. However, stability of the late-time de Sitter point, together with some more constraints [33] , dictate that α > 1 . The trace equation (6) is satisfied only for α → e m 2e m −m−2 (for m = 0). The rate (27) in this case takes the form
and has the right sign only for m −1.59 or m > 0 , from which only the second condition gives the right values for α .
Another interesting theory is the one described by the R 2 Lagrangian density [38] . The coupling constant α scales as a mass term M −2 and, thus, has to be positive to avoid tachyonic behaviour. The trace equation (6) is satisfied for any α , which effectively means that this model has infinite de Sitter points.
Surprisingly enough, the pair creation rate (27) for this model reads
As we have already said, α > 0 and thus the rate is exponentially decreasing, as wanted. However, we see that in this case, there is no dependence on the effective cosmological constant Λ eff ∼ R dS . This practically means that, since α is considered a constant, the production rate is also a constant 4 . In other words, during inflation, where Λ eff ∼ 1 , as well as in current times, where Λ eff ∼ 0 , the production rate is the same; which is very unlikely!
D. Starobinsky model
Here we consider the well known for its inflationary behavior Starobinsky model [40, 41] , which is described by the model
with both λ, n > 0 . In order for the trace equation (6) to be satisfied and, thus, having black hole solutions of the form (15), we have to set
The rate (27) for this model reads
which has the correct sign for n > 1 , where we have also considered that n > 0 . The same bound finds someone if they require that the model should pass laboratory and solar system tests.
E. Hu-Sawicki model
Last but not least, we study the well-known Hu-Sawicki model [41] [42] [43] 
which is very successful in describing the late-time acceleration. The constants λ , m are considered positive. As in the previous cases, the coupling λ has to take the form
in order for the trace equation to be satisfied and for the model to be able to give SdS-like black holes. The rate takes now the form
and 0 < m < 1 or m > 2 are the possible ranges of m, in order for the rate to be smaller than unity.
V. CONCLUSIONS
The inflationary era is the only period when we could expect that quantum pair creation of black holes took place. It is exactly this idea that we use to propose a new criterion for the viability of modified descriptions of the gravitational interactions. Specifically, we claim that any viable alternative to GR should predict the same behaviour for the black hole pair creation rate; i.e. exponentially decreasing with the decrease of the effective cosmological constant.
We use the semi-classical instanton method to calculate the probability of a Schwarzschild-de Sitter universe and a de Sitter one, in order to deduce the pair creation of black holes in an expanding universe. We follow this procedure for f (R)−theories with constant curvature and calculate the pair creation rate in any of these theories. We claim that, since these theories effectively behave as GR (since all the higher derivative terms in the equations of motion vanish), our results are the same as considering in GR that Λ eff = constant (in the sense that the solutions are effectively the same). In addition, we study how the rate behaves in well-known f (R)−models, again with constant curvature, and set constraints on their free parameters, in order for the rate to have the correct behaviour. We think that even though R = constant assumption is not generically true during inflation, the results are mathematically interesting, at least as a first approach to the problem.
As a next step, it would be very interesting to study what happens to specific f (R)−models with general black hole solutions (without constant curvature) and how they differ from our results. In addition, the behaviour of (rotating-) black holes with electric and/or magnetic charges, as well as their evolution and stability [44] in modified theories are in our future goals. A final remark could be whether these pair created black holes made it till today. As it was pointed by Bousso & Hawking [9] , quantum effects may cause the black hole horizon to be hotter than the cosmological one and thus allow all neutral black holes to evaporate before the end of inflation. In such circumstances, neutrality could be interchanged with a magnetic charge, since this charge cannot be lost and a certain mass is also needed to support such charge. It is our future intention to follow such calculations in f (R)−gravity, as well as in other modified theories of gravity.
